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LIPSCHITZ SPACES ON STRATIFIED GROUPS
BY
STEVEN G. KRANTZ!

ABSTRACT. Let G be a connected, simply connected nilpotent Lie group. Call G
stratified if its Lie algebra g has a direct sum decompositiong = V, @ - - - @V,
with [V, V)] =V, fori+j<m [V, V]=0fori+j>m Let {X),...,X,}
be a vector space basis for V,. Let f € C(G) satisfy || f(g exp X;- )| € A, (R),
uniformly in g € G, where A, is the usual Lipschitz space and 0 < a < oo. It is
proved that, under these circumstances, it holds that f € T',(G) where T, is the
nonisotropic Lipschitz space of Folland. Applications of this result to interpolation
theory, hypoelliptic partial differential equations, and function theory are provided.

0. Let G be a finite-dimensional, connected, simply-connected Lie group and g
its Lie algebra. If X, Y € g, then their Lie bracket [X, Y] = XY — YX & g will be
called a first order commutator. If Z € g is an mth order commutator and W € g
then [Z, W] is an (m + 1)st order commutator. If there is an m > 0, m € Z, so
that all mth order commutators in g vanish, then we say that g (and hence G) is
nilpotent.

A nilpotent Lie algebra (and its associated Lie group G) is stratified if there is a
direct sum vector space decomposition
(1.1) g=V,® -8V,
so that each element of V), 2 < j < m, is a linear combination of (j — 1)th order
commutators of elements of V. Equivalently, (1.1) is a stratification provided
[V, V]l = V,,; wheneveri + j < mand [V, ¥}] = 0 otherwise.

Stratified nilpotent Lie groups are equipped with a natural dilation structure and
are therefore a setting for the study of subelliptic partial differential equations [8],
[6], [17]. The purpose of the present work is to study some function spaces which .
arise in this context. The results are close in spirit to the subelliptic estimates which
hold in the Lipschitz category for certain invariant differential operators on
stratified groups (see [6]). The methods presented here are of some interest because
(i) they are obtained by a method of implicit estimation not common to the study
of Lipschitz functions, (ii) they make a somewhat novel use of the calculus of finite
differences, (iii) they serve to clarify the role which homogeneity exerts over the
estimates, (iv) they serve to explain (see §11) why the Hormander sum-of-squares
operator is subelliptic. The results themselves are also of interest because they may
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40 S. G. KRANTZ

be used to reduce certain results (such as theorems about interpolation of linear
operators) to one-dimensional theorems.

Recall the existence of the exponential map exp,: g —» G. It provides, on a
connected, simply-connected nilpotent Lie group, a globally defined diffeomor-
phism of g onto G. In particular, the underlying topological space of G is R¥, some
N. This fact will play no essential role in what follows, because the proofs are local
in nature. It will, however, serve to simplify the statements and proofs of some
results.

In what follows, we use the classical Lipschitz spaces as defined and studied in
[18]. On open subsets U C R", they are denoted by A_(U), 0 < a < oo. Let
% C(U) be the bounded continuous functions under sup norm. We have

AU) = {fE€BC: sup [f(x+ h) ~ (/A"

x,x+helU

1Sl = 1 fllacor < oo}, 0<a<l;

AU) = {fEBCW):  sup [f(x+h)+ fx = h) = 2f(x)|/IA

x,x+hx—heU

Sl = Wllaor < o3

A(U) = [ + [ fll L2y = 1 flla,0y < 00},

A, (V)
a > 1.

MAIN THEOREM. Suppose that G is a (connected, simply-connected) nilpotent Lie
group and suppose that its Lie algebra g has the stratification g =V, ® - - - ©V,,.

Let {X,,...,X,} be a vector space basis for V, over R. Let f: G—C be an
everywhere-defined function. Let a > 0.

Suppose there is a Co > 0 so that for every g € G, every j € {1,...,n}, the
functions

L R>C, f(1) = fg exp X;t)
satisfy

I fella,m < Co-

Then

G) f € A /m in any local C® coordinates frame on G;

({)if Y, EVppi=1,...,kandify=1~=3_,j)/a >0then (Y, - Y)f
exists and is continuous;

(iii) there is a C > 0 so that (with notation as in (i) with Z € Vj,any 1 <1 < m,
and g € G, it holds that

(Y, - - - Yi)f(g exp Z‘)“A,,/, < C-Co.

These estimates cannot be improved.
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The plan of the paper is as follows. In §1 we recall some notions from the theory
of stratified nilpotent groups (as developed in [6]) and recast the Main Theorem in
terms of Folland’s terminology. In §2 we develop some fairly standard facts about
Lipschitz spaces which will be needed later on.

Next we turn to the proof of the Main Theorem. The case a € Z must be
handled separately. We establish an a priori inequality for f EBC N C®, a € Z,
in §§3-5. §8§6 and 7 show how to pass from the a priori inequality to the full result,
o & Z. §8 shows how to handle the case a € Z. §§9-12 contain variants of the
Main Theorem and applications to interpolation theory, function theory, and
partial differential equations.

I would like to thank the referee for many constructive suggestions which helped
to improve the exposition in this paper, and for directing my attention to useful
sources in the literature.

1. Some known results on stratified groups. In order to establish the meaning of
the Main Theorem, we connect it with the spaces I', which have been exploited in
earlier work (8], [17], [6], [7]).

Recall (see [6] for details) that a stratified nilpotent Lie algebra g admits a family
of dilations: this is a one-parameter family {v,: 0 <r < oo} of automorphisms of g
of the form y, = exp(4 log r) where A4 is a diagonalizable linear transformation of
g with positive eigenvalues. On a stratified Lie algebra it is convenient to use the
dilations

v(Y;+: - +Y,)=rY+ - +r"Y, Yev,.

Since the exponential map exp: g — G is a global diffeomorphism, the {vy,} induce
a one-parameter family of automorphisms of G which we also denote by {+,}. The
number Q = trace 4 = X7_, j dim V; is called the homogeneous dimension of g.

If f: G — C we call f homogeneous of degree A, A € C, if fo y, = Ff, all r > 0.
A homogeneous norm on G is a function x — |x| € R* which is homogeneous of
degree 1 and such that (i) |x| = 0 iff x = 0 = identity, (ii) |x| = |x7| for all x. A
convenient such norm on a stratified group, which is compatible with the dilations
described above, is given as follows. Equip g with some metric and associated norm
| || so that the V; are mutually orthogonal. If Y €g, Y = 37_, Y}, ¥, € V}, then
1%, Yl = ( r¥||Y;|1)'/%. Now if g € G, define | g to be the unique r > 0 so that
171/, exp™ g|| = 1. Note that, with this definition, |exp Y| < C||Y||'/™

We fix once and for all the dilations and homogeneous norm described here. If
Xy, ..., X, is the basis for V; described in the Main Theorem then we will assume
that|X|=1,=1,...,n

Now we recall the Lipschitz spaces of Folland and Stein [8], [6]: Let B C denote
the bounded continuous functions on G, under supremum norm.

fOo<a<l,let

r, = {f EBC: | fllr, = squIf(w) = SO/ + 1)l = < °°}.
x,y €

y#0
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Fora =1, let

T, = {f EBC: || fllp, = SUPGU(X)’) + ™) = 2N/ Iyl + |1 fll > < °°}-
x,y €
30

fa=l+a,1=12,...,0<a < 1,let

fEBC: | fllr,= sup IV, Viflr, + Ifll = < 00}
Y€ Vi)
1<i<k
() <!
The following lemma is a slight modification of Lemma 5.1 of [6]; similar results
may be found in [11].

Lemma 1.1. Let X,, . . ., X, be a fixed basis for V. There is a constant C > 0 and
an integer N > 0 so that every g € G may be written in the form g = x, - - - xy,
x; = exp 5,.X,, |x;| < C|x|.

ProOF. Following Folland [6], we define a family of maps from

B={Y €V lexp Y| <1}
intoG.If Y €B,Y =X X, let
%Y) =expt,X, - - - exp t,X,.
fl<p<m-11<i,...,i<n,let
ol (Y) =[epr., [ N [epr,.z, [epr,-l,<p°(Y)” e ]]

The Campbell-Hausdorff formula implies that the differential Dog/ ... i of tpfl’
at 0 is a map from V¥, to g given by

Do@’(Y) = Y, Dogf... (V) =[X,, [, [X, [%, ¥]]- - ]]
Now define
@:BX---XB->G

(Ep=e n") times

by

Q(Y) = H II 2.

p=0 1< <n
1<I<p

Once again the Campbell-Hausdorff formula implies that Dy, being the sum of
the differentials of the @”’s, is surjective onto g (we use here the definition of the
stratification). The implicit function theorem now yields that ¢ is surjective onto a
neighborhood U = {x:|x| <ry} of 0 € G. Thus every element of U is at most a
2 o 1 P order commutator of elements exp a,X;, hence a product of at most
N 272o n?(3 - 27 — 2) elements exp a,X; . Each of the elements exp a,X; has
norm not greater than 1. By dilation, the result now follows with C = 1/r,. O
Now let a > 0 and let f € I' (G). It follows that

sup || f(g exp Xi’)”A_ < oo, i=1...,n
g8EGCG
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So f satisfies the hypotheses, hence the conclusions, of the Main Theorem (that it
satisfies the conclusion may also be verified directly).

Conversely, suppose f satisfies the conclusion of the Main Theorem. First let
0<a< |l Let g € G, h€ G. According to Lemma 1.1, write h = h, - - - hy,
h; = exp 5;X;. Then

N
|f(gh) — f(g)| < ;1 |f(ghy - - - h,) - flgh - - - hj—l)l

<C-CSs|* < Clhl~

Sofel,. . Ifk<a<k+1,1<k€LZ, then for.amyX,.',...,X,}t we have that
X;, - - - X, f satisfies the hypotheses, hence the conclusions, of the Main Theorem
with respecttoa’ = a — k. So X; - - - X, f €T, andf €T,,.

The case a € Z will be handled by a sort of interpolation argument in §9. Taking
this for granted for now, we may restate the conclusion of the Main Theorem quite
simply as f €T,

As a biproduct of the preceding argument we have proved

LeMMA 1.2. The Main Theorem holds for a < 1. In particular, for a < 1, f €
A, (RY) when G is equipped with the Lie algebra coordinates coming from the
exponential map.

Proor. For the first assertion, simply refer to the argument above using Lemma
1.1. For the second, see [6, p. 5.17ff]. O

2. Some classical results about Lipschitz spaces. We collect here some results of a
fairly classical nature about Lipschitz spaces on Euclidean space. Where we do not
provide proofs, we give standard references.

LeMMA 2.1. Let 0 < k < a < k + 1 EZ. Iff € A,(R), then

SO+ h) = f(x) + h-f(x) + - -+ + (B*/k)fO(x) + O(AI%),
all x,h € R.

PrOOF. The result for 0 < a < 1 is trivial. Inductively obtain the result for a > 1
by applying the result fora — 1to f'. [J
Iff:R>C, x,heRk=1223,..., let

k
MAx) = MO = 2 ' H(F ) + @2 = k.

Let AYf(x) = f(x). Finite differences may be used to characterize A, as follows:

LEMMA 2.2. Let 0 < a <k € Z. Let f: R— C be continuous. Then f € A (R) if
and only if
sup &GO/ 1Al + 11 fll L= = Co < 0.
B0

The numbers C, and || f||_ are comparable.
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PRrROOF. See [4].
LemMMa 23. If f,g: R—>Care in A, then fg € A,.

PRrROOF. For 0 < k < a <k + 1 € Z, the result is obvious by Leibniz’s rule and
induction on k. For a = 1, the result follows from the identity

f(x + h)g(x + h) + fx — h)g(x — h) — 2f(x)g(x)
=g(x = W{f(x + h) + f(x — h) — 2f(x)}
+f(x + h){ g(x + h) + g(x — h) — 2g(x)}
2{f(x + h) = f(x)}{&(x — h) — g(x)}.
For 1 < a = k € Z, the result follows by induction. []

Lemma 24. If K CR is a compact interval, p is a polynomial on R, and
f € A, R), then pf € A (K).

ProOF. Apply the local variant of 2.3. []

LeMMA 25. Let i R>C, fEAMR), 0<I<a<I+1€Z Lt 0<k <! be
an integer and let q > | be an integer. Then there exist constants c(Jj, k, I, q),
0 < j < g, such that forany h € R, h # 0,

q9
2 Uk, L f(x + (2 = Dh) = k® + O(lAl*).

j=0
ProoOF. By Lemma 2.1,

SO+ m) = f(x) + af (x) + - - - + (n'/1NfO(x) + O(nl*),
anyn € R. So

2 C(j9 k, 1, q)f(x + (2./ - I)h)

Jj=0

l 5) 9
-3 i‘% 3 (ko b (@ = DAY + OCAL).

s=0
Therefore proving the sublemma amounts to solving the system of / + 1 equations

q
S Gk Lg)(2i— DR =0, s=01,....k—Lk+1,...,1
j=0

q
> ek L @)@ — DhY* = k!

j=0
in the (¢ + 1) unknowns ¢(0, k, /, q), . . ., c(q, k, I, q). Since the matrix of coeffi-
cients is a Vandermonde matrix, the system may be solved. []

Now we need some results from approximation theory. Let ¢ € C,°(R) be even
with [ @ dx = 1. Define g(x) = Yp(2'x),j=0,1,2,..., and let y(x) = g(x) —
gi(x) whenj = 1,2,...;¢o(x) = @o(x). If f € L*(R), define

Yf(x) = f(x), @flx) = f* g(x).

LEMMA 2.6. If f € B C(R) then 2}"_0 Yf = onf — f uniformly on compact sets as

N — o0.
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ProoF. This is well known (see [18]).
LeMMA 2.7. If f E A,R),0 < k <a <k + 1 EZ, then
¥fllcx < C- 2770 fll,,
[¥fll crer < C- 2@ EED ]|,

lgfllcx < C-27@"P| fl,.
PRrOOF. Since convolution commutes with constant coefficient differential opera-
tors,

(&) e

='ff""(x — DY (2) dt

=[[ (0= 0 = 190

< flla, [ 27 Pl (1) de < C2¥=RY ),
where we have used the fact that [ {; dx = 0. Similarly,

()

=|[ 790 = 2%ic2%)

=¥

f {fB(x = 1) = fO(x)}yo(2r) dt‘

< 2929 R fll, [ il2)] de
< CaIE kT ),
For the third inequality, notice that
gl < éllt&fllck < 12: C- 24| ],

<C-27¢7P|f|,. O
LEMMA 2.8. Let f € A,(R),a EZ. Let 0 <8 < 1. Then
I Slla,., < C- 2201 flla,» Sflla,, < C- 27| flla,»

l9flla,, <C- 2_js”f”./\,,,-
PROOF. We attack this problem indirectly. Now

|(d/dx)* ()] = @)
=\ [ 100 = ey a

a-8

- %lf {fOD(x =)+ fDx+ 1) — 2f(°‘")(x)}¢,'~(t) dt
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because y; is even and has mean value zero. So this is majorized by

28.1) SWA1a.27 [ (O] di < C29| .-
Likewise,
(&) W)= f e - owen al

= 2 2| [ {00 = )+ fO0 0 + 1) = 20 (0)) g ()

<C-2Y-27- ||l - [ W @)l
where we have used the fact that ¢” is even and has mean value zero. The last line
is now majorized by
(2.8.2) C- 2j||f||A,-
Now the first two estimates follow by complex or real interpolation from (2.8.1),
(2.8.2). The last one follows by addition. []

COROLLARY 2.9. Let f € BCR). Let f E A,R), 0 < k <a <k + 1 €Z. Then
f € A,(R) if and only if there is a C > 0 so that for each A > 1 we can write f as

J) = £2x) + f'Cx) with
1% cx < CA7% 1 f lgen < CAEFIE,
PROOF. Choose N € Z with A < 2V < 2\. Let f € A(R). Define

N © N
P=f-2 %= 2 4 f'=2 4
Jj=0 j=N+1 j=0
By Lemma 2.7,
o0 e .
1Pl < S lfller < X Cliflly, - 27¢R
J=N+1 J=N+1
< C fla, 27N < Clflla, - AF7=
Also,

N N
1w < 2 fllcser < 2 CllAlla 27D
J= J=

<C|flly, - 2V EED <Y Sy, - AFFI
Conversely, assume f has the indicated decomposition for every A. Let h €R,
0 < |h| < 1. Then
a5+ ()] < (85T YO00)] + 185 ()
< ClAFILler + CLAF L oo
where A is at our disposal. The last line is
< C}\k—alhlk + C}\k+l_a|h|k+l.
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Now let A = 1/|h| to obtain
|85 f(x)| < Clhl®
so (since f is bounded) f € A, (R). [

COROLLARY 2.10. Let f € B CR) and a EZ. Let 0 < § < 1. Then f € A (R) if
and only if there is a C = C(8) so that for every A > 1 we can write f as f =f0 + f!
with

1/%a,_, SC- A% [IfYla,,, <C- A%

PROOF. Similar to 2.9. [

3. The principal argument for the a priori estimate, a & Z. In this section we
derive an a priori estimate which amounts to the assertion of the Main Theorem for
functions in % € N C*. We restrict attention to a & Z. Later the case a € Z will
be derived from this one.

The proof of the a priori estimate breaks into two parts, which we formulate as
Lemmas A and B (resp. B’) below and prove in §§4 and 5. We first introduce some
notation.

If g is a stratified Lie algebra, g=V, ® - - - @V, let {X,,..., X,} be a basis
for V. f1 <j€EZlet

$ ={(ip....): i €{1,...,n}all <I<j}.
IfI1€9,let
Vjax,s[x,.l,[x,.z, [---

(X, %]- - 1]]

Obviously {X;},eq spans ¥V, 1 <j <m. If 0 <a < o, I €Y, set a(X)) = a(l)
=a(l —j/a) (we will introduce a variant of this notation in Lemma B’). If
X={Xp,. ... X}, L €Y, set y(X)=1-Z20_,j/a.

Since only Lipschitz norms (and an occasional sup norm) are considered here,
we use || ||, to denote || ||, . If || ||z ever appears with 8 < 0, then the term is
understood to be zero.

Iff:G>C,B>0,0%X € g, then let

lfllx,s = sup || f(g exp X -)|l 4.
gEG

This notation will occur repeatedly in the sequel. Also, the letters C, C’, etc. will
denote many different constants whose values may change from line to line.

LEMMA A. Let G be a stratified group, g =V, ® - - - @V, its Lie algebra, and
let aj,ay >0, a; & Z. Define 1/B=1/a, +1/a, and assume B & Z. Let A, €
Vis A2€V,, 1<j,j, <m, and let B =[A, A,). Then for any f € BC N
C*=(G),

1158 < C{Ulapa, + 1l apay}-

The constant C depends on a,, a,, m but not on A,, A, nor f.
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LEMMA B. Let G be a stratified group, g = V, ® - - - @V, its Lie algebra, and let

0<a@&Z Let {X,,...,X,} beavector space basis for V. If f € BC N C* then
forany X = (X,, ..., X )1 e 9, it holds that
||X1I o Xl,,f”x,,,a(l')y(@c) <C 2 “f“x,,a(l)'
X,Eg
Here C depends on o, m but not on f nor on the choice of {X,, ..., X,}.

The following is a generalization of Lemma B which is rather more technical but
is easier to prove inductively.

LEMMA B'. Let G be a stratified group, g = V, ® - - - @V, its Lie algebra, and
letay,...,a,>0,0;&Z.IfI €Y, let a(I) be defined by

la(I)=1/e + - - +1/a.
Assume a(I) @ Z for all 1 € U7_, 9,. Then for any f € BC N C™®, any X =

j=1J
{Xl.""’Xl,} C g, any X € g,

||X1, T lef”x,,,a(l')(l—zl/a(l,)) <C 2 ||f”x,,a(1)~
X, €q

Assuming these lemmas, we now supply the

PROOF OF THE A PRIORI ESTIMATE WHEN a & Z. Let G be a fixed stratified group,
g=V,&®--- ®V, its Lie algebra. Let {X,..., X,} be a fixed vector space
basis for ¥,. Let the constant C, be as in the statement of the Main Theorem.

Now for any / € 9,, Lemma A implies that || f||, ,,» < Co. Inductively, if it has
been shown that

(3.1) I fllxay <C:Co alI €9, 1< <j
let I'€ 9, ,,. Then X, =[X,, X,], some I € ;. Thus Lemma A applies with
ay=a,a,=a/j,B=a/(,+1).So

NSl x,.arCo+ 1y < C - C

Therefore, by induction, (3.1) holds for all j, 1 < j < m. By Lemma B, it follows
that for any X = (X, ... S X L1 E 4, EBC N C™,

Xy, - - Xl,f”x,,,ay(‘a()/k <C-C,

Recall that we are assuming a & Z. Therefore statement (iii) of the Main Theorem
is unchanged if we assume ay// < 1, for this may be achieved by adding [ay//]
Z’s to the monomial Y, - - - Y,. This having been noted, statements (ii) and (iii) of
the Main Theorem follow since each Y, € V,, is a linear combination of
{(X:}, €% Statement (i) follows trivially from (iii) and the triangle inequality.

Thus, modulo Lemmas A and B, we have proved the desired a priori estimate.

O

4. The proof of Lemma A. It is convenient to specialize to the (stratified) Lie
algebra b generated by {4, 4,}. Let ¥/ C b denote the linear span of the (j — 1)th
order commutators of 4,, A,. Certainly ¥/ =0 for j > m" + 1, some m’ < m. So
h=V{® - BV, isastratification. Leth, = V/ @D - - - BV,
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EI=C(ip...,0) €{1,2} X+ x{l,2},1let

Al =[Ai|’ [Aiz, [ ce [Aik_|’ Ai,‘] T ]]]
Let 1/a(d)=1/a(l)=3Zf_1/a,. If @ ={(4,,... AL}, let &) =1-
2 1/a(4)).
It should be noted that Lemma B’ is used to prove Lemma A.
LEMMA 4.1. Let 1 <! < a,, | € Z. Then either | > B or (1 — 1/a))ay > B.

PrOOF. If not then both / < Band (1 — //a,)a, < Bso
B =aqa/ (o) + &) = (ay — Bay/ ey < () — Day/a, < B.
It follows that the inequalities are equalities, so 8 = / € Z. This contradicts the
assumption that 8 € Z. [

LeMMA 4.2. Let 1 <! < a,,! €EZ. Then
1A it 170 < Mg + {1 ey + 1ty + S92 1L
1 3

fJorallf € BC N C™. Here c is a constant which may be made arbitrarily small as
long as C is large enough. The choice of C = C(c) does not depend on f.

PrOOF. By Lemma 4.1 there are two cases.

If 1—-1/a)a, >pB then apply Lemma B’ with g replaced by b and
{X1,...,X,} replaced by {4,,A4,}. Here A > 1 is a constant to be selected.
Write A} = A4,, A5 = A,, B’ = [A}, A5] = AB. Define A similarly. Then Lemma
B’ yields

NI
ICAD St~/ < C {1 Nty + WLty + 1Sl + 102X 1St}

If we write out this inequality with the dependence on A made explicit, then we
obtain

— ]
N0 (A1) 1| g1 - 1/a)

< C{}‘%”f”Az,a; + 1 M ape, + }‘ﬂ”f”&l’ + AsuE}; Ai(l)"f“""a("’)}'
1 3

Here i(I) is the number of occurrences of the digit 2 in I. Now divide through by
AU ~!/@ve2 and choose A so large that CAF~(1=//ada ¢ ¢
The case / > B is handled similarly: let 4] = Ad,, A5 = A,, and argue as before.

O
LemMMA 4.3. For all f € B C N C* it holds that

1Az < ClflLaa, + €N llape, + €7 max 1AL ty1 -1/
1

’

max ”AIA f” o
@={4;, ..., 4,}Chu(4) 1/ IB.pv@

p>1



50 S. G. KRANTZ

PROOF. Let 0 <7, <oy <r,+ 1 €EZ,j=1,2.Let0<b <B<b+1ELZ Let
g€ G, h,k €R. For0 <t < r, write, using Lemma 2.1,
< kA7f(g exp(2t — r,)h4,)

f(g exp(2t — ry)h4, exp kA)) = X P
q=0 :

()

& r t r
S 1 s exp(at — rha; exp ka)
t=

+ O(|k|™).

Summing over ¢ with coefficients
yields

(4.3.1)

= S (") S kupfls expl@r — rd)/ g1+ O(1kI).
t=0 q=0

We apply the Campbell-Hausdorff formula to write the sth term on the left as
r
-1 ’z“( 2) kA, exp — hk(2t — r,)B -
(432) (-1 p f( g €Xp k4, exp (2t — ry)) B exp(2t — ry)hd,
-exp c{"h kA, - - - exp ch kA, ).

Here each 4, € b; and @, b, € N, ¢/ € Q (see Hochschild [10] for details on the
Campbell-Hausdorff formula; the values of these constants are of no interest
here—only that ¢"2 depends polynomially on ¢, r, and not on f, g, 4,, 4;). Of
course the Campbell-Hausdorff formula is an infinite asymptotic expansion. It
terminates after finitely many terms in the present case because g is nilpotent. Now
substitute (4.3.2) into (4.3.1), each ¢, and replace g by g exp — k4,. So

220(—1)”“( r:)f(g exp — hk(2t — r,)B exp(2t — r,)hA,

(4.3.3) -exp c,"’zh“'k”'A,l - - - exp c;”lh""kb“A,“)

4

k9
= 20 ;,‘AZZ(A {f(g exp—kA, exp 4, ")), + O(|k|™).
o g

Apply Lemma 2.1 repeatedly to each term on the left of (4.3.3). The tth term then
becomes

(-1)’2*'( ’tz) (f(g exp — hk(2t — r,)B) + (2t — ry)hd, f( g exp — hk(2t — r))B)
(4.3.4) + -+ (2t = r)*h"/ry))A5H( g exp — hk(2t — r,)B)}
+ O(|h|*2) + Y, (higher order terms) + O(|h|* + |k|*),
where the higher order terms are of the form

eth?(2t — ry) A3 (cihwkBA, )™ - - - (clhok®-4; )" (g exp-hk(2t — r;) B),
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0<y<r,l<p<w<y <a()). Now substitute (4.3.4) into (4.3.3) to obtain

2 hkbiAAsp (- )AIH T Al,_,,f( gexp B-)|,
(4.3.5) k4
= 20 E.‘AZZ(Af’f(g exp — k4, exp 4,+))|o + O(|k|™).

g=0 4!
Here the p, are polynomials. Recall from (4.3.4) that one summand on the left side
of (4.3.5) is

A73f(g exp B-)lo.

Isolate this term on the left of (4.3.5), set A € 8, k = 8”2, and use Lemmas 2.2
and 2.4, to estimate the remaining terms to obtain the result. []

LeEMMA 4.4. For all f € B C N C* it holds that

”f”B,ﬁ < C{”f”A,,a. + ”f”Az,az + “Al, tee Al,f“B,ﬁy(a)}'

max
@={4;,..., A4, } Shu (42}
p>1

PRrROOF. Substitute the result of Lemma 4.2 into the right side of Lemma 4.3,
choosing ¢ so small that cC’ = ;. Now transpose the term ;|| f|| 5.4 to the left side
of the inequality. []

LeMMA 4.5. For all f € B C N C* it holds that
I8 < llfll gpay

+C {1l gy, + s, - - Ay flln e}

max
&={4;,..., A,}Chu {4,)
Here ¢ can be made arbitrarily small if C" is made sufficiently large.

PrOOF. The proof is the same as that of 4.2 (except that now there is but one
case). Set A] = Ad,, A5 = A,. Apply Lemma 4.4, and choose A large.

LEMMA 4.6. For any @ = {A;,...,4;}Chu {4y}, all f€ BECNC™ it
holds that

141, + A e < € lag + C{1flLaye, + MEX 1flLgact))-

Here ¢’ can be made arbitrarily small so long as C is sufficiently large.

Proor. First apply Lemma B’ to the Lie algebra generated by
{Al.’ ce A,P, A,, B} to obtain

@6.1) 4y, A flsave < C{Ifln + 1Ly, + M [fl]g -
1 bJ

Now the crucial fact here is that the constant C in (4.6.1) depends on m and p but
not on the choice of 4, ..., 4,, B, 4,. In particular, (4.6.1) persists with A;j =
)\A,} ,j=1,...,p, A5 = A,, and with B unchanged-with the same constant C.
Now the proof is concluded by writing explicitly the dependence on A, dividing
through by A?, and choosing A large. []
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LeMMA 4.7. For all f € B C N C* it holds that
11185 < " 1f ey + C{1 M, + m3X 1S lLaacrr |

where c” may be made arbitrarily small if C is chosen sufficiently large.

PROOF. Substitute Lemma 4.6 into the right-hand side of Lemma 4.5, choosing
¢’ = ¢”/(2C). Now transpose the term ;|| f|| ,p to the left side. [

PrOOF OF LEMMA A. By Lemma 4.7, write

nf||3,,,<0{ufnm,a,+||f||,,,,,,+ S uqu,,a(,)}
A EY;

*)
= (Ml + W+ 3 4o+ 3 L

A, EVS A EV,,

If A4, € V;, then A, = = [A4,, B}, i =1 or 2. Apply Lemma 4.7 with {4, 4,}
replaced by 4;, B to obtain

(t) 1/ Layay < elfllmp + C{lfLa + MO 1St}

For each A; € );, plug this into (*), with ¢ sufficiently small, and transpose the
I 1| .5 term to the left side to obtain

Wss < C{Mae + Wlayey+ T 422+ 3 1.

1EVS AEV,,
This process may be repeated m’ — 4 more times to complete the proof. []

5. The proof of Lemma B’. We introduce the notation g; =V, ® - - - &V,
Jj=1,..., m. We shall prove, by backwards induction on j € {1, ..., m}, the

statement

Let a),...,a, >0, a; & Z. Then, for any function f €

(s) C*(G), it holds that
J
f\}}g’; X7, - - - X fllxayvey < C}T}g} 1Al x, a0y =C- C.
X={X;,...,X,}Cg,
In casej = m, the Lie algebra elements X 1o X, I X, commute. So, forg € G

fixed, the function
F(t,, ..., t,5)=flgexpt,X, - - - exp 1,X, exp sX;)

satisfies
sup NF(t st ps s - - b Sllary) < C- C,
s

T2V ST PR [

Sup ”F(tl""’tp’ ')”a(l) <C‘ @.

By the classical theory for functions on R?*! (see [12)), it follows that

‘(aitl) - (%)F(tl,...,tp,-)

<C-C.
a(I)y(X)




LIPSCHITZ SPACES ON STRATIFIED GROUPS 53

In other words, since the estimate is uniform in g,
1Xr, - - X fllxatywey < CC.
So S, holds.

Now suppose inductively that S, , . . ., S, have been proved. Let X , €69 and
let X, € g be arbitrary. Let r <a(/)<r+1€Z g<a(l)<qg+1€EZ Let
h,h, ER, 0 <t <r+ 1. Apply Lemma 2 with « replaced by a(Z,), ¢ by ¢ + 1,/
by g, k = 1, fby f(g exp(2t — (r + 1))hX, exp le ). So

q+1

> (i, , 9,9+ l)j(g exp(2t — (r + 1))hX, exp(2j — (¢ + 1))th,’)
j=0

hp(X,’f)(g exp(2t — (r + 1))hX)).
Multiply both sides by (—1)"*"*!(";*!) and sum over  to obtain
q+1 r+1
S cUibag+nZ 0(r )
Jj=0
(5.1 (g exp(2t — (r + 1))hX, exp(2j — (¢ + l))th,’)
= hpA;l+l(Xl’f)(g exp X; *)lo-
We apply the Campbell-Hausdorff formula to rewrite the sth term of the inner
sum on the left side as

(7 s exp@ - (a + DA X, exp(2e = (- + D)AX,

-exp(2t = (r + D)2 — (g + 1)hh[ X, X; lexp - - - )

where - - - denotes terms involving higher commutators of X, X, . L As in (4.3.2),
the asymptotic expansion provided by the Campbell-Hausdorff formula terminates
after finitely many terms because g is nilpotent. Notice that [ X, X, 1, ] € g4+ so that
the inductive hypothesis may be applied to this expression if it can be appropriately
isolated. But repeated application of Lemma 2.1 enables us to write (5.2) as

(—1)'*’“( r -’t- 1){](3 exp(2j — (¢ + 1))th,’ exp(2t — (r + 1))hX;)
+hh (2 — (g + )2t — (r + D[ X, X, ]1)
-(gexp(2j — (¢ + 1))th,’ exp(2t — (r + 1))hX;)

+ higher order terms}

where the higher order terms involve derivatives of f by monomials consisting of
elements of g, ,. Now we set h = §'/°M, p = §'/=%) plug (5.3) into (5.1) and
estimate using 2.2 and 2.4 (just as in the proof of 4.3) to obtain

|0'/=Ag5k(X, £)(8 exp X; )| < C- € -6,

(5.2)

(5.3)

or
87 1(X, )8 exp X, o| < €+ € - (87) POVl

whence
(5.4) IX, llx a1 -1/azy) < C+ C.
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Notice that inequality (5.4) holds for X, 1, €6 and any X; € g. Now we apply this
argument again, with /,_, replacing I,, X L f replacing f, to obtain

11X, _ X1 fllx, a1 =1/a(t, )~ 1/a()) < C;nag; X2 /1 x, )1~ 1/a(2,))-
J

By (5.4), this last line does not exceed C . The argument may now be repeated
P — 2 more times to obtain the full statement of S;. This completes the induction,
and the proof of B’.

6. Some lemmas of Friedrichs type about convolution smoothing. Naturally, the
passage from the a priori estimates to the full result is effected via Friedrichs
mollifiers. In this section we isolate some estimates which are variants of the
classical Friedrichs Lemma. Some of these will not be needed until §§8,9.

Let G be identified with its underlying Euclidean space R" via the exponential
map. Haar measure on G is just Lebesgue measure, denoted dx. All results in this
section, and all integrals, are in the standard Euclidean structure. To facilitate this,
vector fields are written =_, a,(x)(d/dx,).

Now fix a ® € C*(R"), ® >0, [®dx =1 For ¢ >0 define ®,(x)=
e NO(x/e). If f € L. (RY), let

f(x)=f+0,(x) = j; Sx = 00 (1) dr.
Then it is known (see [18]) that £ — f a.e. If f is continuous then f, — f uniformly

on compact sets.

LEMMA. 6.1. Let f € B C(G), X € g,0 < k € Z, and suppose that

sup || f(g exp X *)|l cxwy = G, < 0.
g2EG

Then for any compact E C G,

sup || f,(g exp X *)|lcxwy < C- G,
8E€EE

where the constant C is independent of f and ¢ but will depend on E.

Proor. Using a cutoff function, we may assume that f is supported in a compact
neighborhood U of O. Write the vector field generated by X as 2}"_, a;(x)(d/3x;).
Of course the g; have bounded continuous derivatives of all orders on U. Now

X, = X[ &= 00 di = S [ aix) 5 0x — DA d
--3f a,(x)(-a%ld)e(x - t))f(t) dr
-3 a,(t)(gt—lq)e(x - :))/(r) a+3 [ o@)(aith(x - t))f(t) p
= -3 [ al)( 520 = O)f0)

+3 e ""(’)(T?T,q’)(xe_ ’)/(z) d=1+11,
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where the @, are smooth and bounded with smooth bounded derivatives of all
orders.
By integration by parts,

1= [ o= 0a(0g 0 d+3 [ 0x = OGO d.

Hence

Xfe=I+II=<I>,*Xf+Ze‘”f wk(
=A4, + B,

Here the ¥,, B, k =1,...,2N, are smooth, bounded functions with smooth,
bounded derivatives. (5.1.1) implies, in particular, that

llxﬂllsup < “q)e * Xf”supAZ’aZ + " 2 ”sup

< NPl 2l XS Nlswp + 25 1%l 11l Billsupll flsup
<C sgpllf(g exp X-)|[cr=C-C,.

x—t
(5.1.1) —)B0A) a.

To establish the result when & = 2, apply X to (5.1.1). So
X% = XA, + XB,.
But the case k = 1 may be applied a priori to A, giving

XA, =0, « XY+ > e‘”f \I/k( )Bk(t)Xj(t) dt.

Both of the terms on the right-hand side of this expression may be estimated by
C sup, || f(g exp X - )| c+- On the other hand,

x —t
€

Xt= 3 eV S [ a5 (w5 Bt a
)

=SS [ a,(t)aitl(‘lfk( x ; d )Bk(t)f(t) dt

+3 e S [ 05 (1)) sosco) a

€
= etc.,

and the proof is completed as in the case k = 1.
A simple repetition of this argument yields the full result. []

LEMMA 62. Let f € BC(G), 0+ X €g, 0 <a < . Suppose that
sup,egllf(g exp X - )ll, = C, < oo. Then for any compact E C G,

sup || f(gexpX-)|l, <C-C,
gEE

where C is independent of 0 < e < 1.

PrOOF. We use the techniques of real interpolation theory. Assume as in 6.1 that
[ is compactly supported. For any function g, letg, = g+ ®,. Firstlet k <a <k
+ 1 € Z. We apply Corollary 2.9 along each trajectory of X as follows. With ¢, y;
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defined on R! as in the discussion preceding 2.6, f € % C, compactly supported in
afixed U Cc C G, let

(8 = fk f(g exp Xt)y,(1) dt.

Then for A > 1, let N ~ log, A as in the proof of 2.9, and set
N

N
fr=r=-24% =234
0
An argument like that in 2.9 shows that
sup||/°(g exp X )llcs < CUSNA,

sup 18 exp X llcens < CILAAST

If g € G,0+#h € R, we have
|X*.(& exp Xh) — X*(,(g)| < |X*(f°).(g exp Xh) — X*(f°).2)|
+I1X*(f").(g exp hX) — X“(f').(8)|

< 2 sup|X*(f%),] + |A| suplX“*'(f"),|
< 2CA* =% 4 C- || - Ak*1-a,

Now A is at our disposal, so let A = 1/|h|. Thus

|X*f.(g exp Xh) — X'f,(g)| < Clh|*~*
as desired. The constants all depend on U.

The case « € Z may now be derived from the case a & Z using 2.10. [

7. Completion of the proof in case o & Z: passing from a priori estimates to the
full result. Let f: G — C satisfy the hypotheses of the Main Theorem for 0 < a <
o0, a & Z. There is no loss to assume that f is compactly supported. Let ®, ®,, f, be
as in the last section. Then by 6.2, f, satisfies the hypotheses of the Main Theorem
with C, replaced by C- C,, C independent of . Also f, — f uniformly on compact
sets. By the a priori estimate, if X; € gthenforanyg € G,0<h €R,a <k E€EZ,

(7.1) (g exp X, -)lo/h*P| < C- Co.
Letting ¢ — O yields
|45/ (g exp X, )|o/h*"] < C- C,,
or, taking the sup over g,
ANl x, .ty < C- Co

If a(I) > 1 this says that X,f exists. Of course X,f is the pointwise limit of X,f,. If
X, € g is arbitrary then the a priori estimates yield that for g € G, 0 <h €ER,
a<kel,

AKX f( g exp X, +)|o/ BN~V < C- G,
Letting £ — 0 yields
A% X, f(g exp X, -)|o/h* D < C- G,
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or, taking the sup over g,
1 Xef | x, )1~ 1/acryy € C- Co
Repeating this argument we may verify all the conclusions of the Main Theorem.
8. The case a € Z. The proof proceeds by methods of real interpolation, though
there does not seem to be any way to apply real interpolation directly. Fix
0 < a € Z. By induction arguments used before (especially at the end of §5), it is
enough to consider vector fields two at a time: in other words, we may take V, to

be two dimensional, with given basis {X;, X,}. In any case, this extra hypothesis
simplifies the notation, not the proof. The result will follow from

LEMMA 8.1. There is a C > 0 so that for every 0 <& < 1 and every f € BC N
C ™ it is possible to write f = f° + f' with
”f0||)g,a—|/3 <C-e-K(f), Jj=12
||fl||,\;,a+|/3 <C-e'-K(f), Jj=12

Here

2
K() =3 Il + s Xy - - s Xy fll ety veonr
j=1 X ={X,....X,}Ca
(some X, Eqay)
X;€Egqg

The constant C depends only on m, a.

Let us see how the Main Theorem follows, assuming 8.1. To do so, we first
derive from 8.1 a modification thereof:

LeMMA 8.2. There is a C >0 so that for any 0 <e <1, any m > 1, any
f € BEC N C>, it is possible to write f = f° + f! with

(82.1) 1/ xpa-1/3 < €& Ky(f),
(822) 1 xparrys < C e K (f),
(8.2.3) 1 xpam1/3 < C(m) - €+ K(f),
(8:2.4) 1M N xpas1y3 < C(n)- €7 K(f).

Here K(f) is as in the preceding lemma, C(n) is a possibly large constant which
depends on 0, and

K.,(f) =7 ”f”X,,a + "7_l||f||x2,a

-
+1 2 X1, -+ X fllx atry vy

(some X} Eq,)
X, Eg

The constant C depends only on m, a.
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ProoF. Apply Lemma 8.1 to the vector fields X| = AX,, X; = X,. Express the
dependence on A explicitly:
AN w13
< Ce(ANfllxpa + 1Sl x e

+ A )+ aDIOMDD)| X, Xz,fllx.,au)-y(%)}:

where i(J) denotes the number of occurrences of the digit 1 in the index J and j(7)
is the unique j such that X, € V;. The condition that some X, € g, guarantees that
the exponents ocurring in the sum are less than a — 1/3. So if we divide through
by A*~'/3 and choose A = A(n) large enough then (8.2.1) follows. The other
estimates are computed in the same way (from the same dilation of X,!). [

By the usual technique of dilating X, and leaving X, fixed we may prove

LEMMA 8.3. For 0 < B & Z the a priori estimate holds in the form

>* X7, - - - X fllx,p0yv@ < cllfllx,g + Cllflix, g
P
9C={X,l,...,X,’}gg
X;Eq

where ¢ may be made arbitrarily small simply by choosing C large enough. Here =*
denotes summation over X 10 X e X, which are not all equal to X,.

Now we will derive an a priori estimate for the Main Theorem for a« € Z by
applying the a priori estimate for « — 1, a +  in the form 8.3 to the elements of
the decomposition in 8.2. More precisely, let/ = a + 1,0 < h € R, choose X, € g,
X, # X,, g € G, and estimate

|AU(3 exp X, ')|o| < 'Aﬁ.fo(g exp X, ')|0| +|AUI(8 exp X, ')|o|
where f°, f! are as in 8.2 and ¢, 1 are at our disposal. Now the last line is

< R VIID POl w1735
+ lhl(a+1/3)/j(1)||fl“X,,(a+1/3)/j(J)
< B[O )| fllxyamrys + U N xpam1/3)
+ RO || Ny asryz + CI xas1s)
< [T IDID[cC(n)eK(f) + C-eK(f) ]
+A[E IO cC(meK(f) + C- e 'K (N)].
Let ¢ = |h|'/¥¥D and take the supremum over g € G to obtain

I A1l x, ey < 2¢C()K(f) + 2CK,(f).
Now sum over J to get
> 1fll x,.00) < 2¢C(n)K(f) + 2CK (f).

X;€g
X;#X,y
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Now iterative arguments as in the end of §7 give, in fact,

>* 1X5, * * Xy fllxacven < C[2¢cCm)K(S) + 2CK, ()]

If m is first chosen large enough, then c is chosen small enough, we obtain

3% < Cfllxe + Mfllnya) + 5 S*
or

2 < 2C("f”,\'|,(x + ||f||x,,a)~

This is the desired a priori estimate. The full result may now be obtained precisely
as in §7.

It remains to prove Lemma 8.1. We will need both isotropic and nonisotropic
mollifiers. Let @, ¥, g, ; be as in §2. Let ®, d, be as in §6. If f € BC, X € g,
g € G write

9(g) = fR A(g exp 1X)q,(1) dt = [R flexp 27X )g(t) dt,

4(8) = [ fg exp X)(0) de = [ f(g exp 2X)(0) .

f; = 9 X (@, + f),

where j will be selected at our convenience.
Our basic tool will be the notation

adX(Y)=[X, Y], X,Y € g,
and the following lemma of [11, p. 165]:
LEMMA 84. Let fE BC N C*= X, Y € g. Then

Xo'f = f(e‘z'j‘ *dYxf)(g exp 27tY )o(2) dt.

PrOOF. Apply the Campbell-Hausdorff formula. [J

LEMMA 8.5. Let f € B C N C*™. Let X,, X, be the usual basis vectors for V,. Let
0< k €Z. Then

S‘;P”(q’jx'(q’z-f * f)(g exp Xz‘))“c"

(8.5.1) <C S\;PIIf(g exp Xy )ler+ X X Xy fllap

2, (1) <k
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PrROOF. We may assume k > 1. By 8.4,
Xz‘PjX'(q)z-f +f) = f(e_a_j 24X (D, *f))(g exp ijXl)‘P(’) dt

k=1 _Jad x.V ,
=3 I(Lt_ﬁ*xl)xz(q)z_, *f))(g exp 27X, )(t) dt
(8.5.2) =0 '

+ f 1*27*Z(®,, = f)(g exp 27tX,)p(¢) dt (where Z € V)

=T+ R.
Notice that the first term in T is <ij 1X,®,.; * f. The others involve derivatives of f of
the type occurring in the sum on the right side of (8.5.1). (We are using 6.1 here).
Finally,

[R| < 272C|| flisup < C* || fllsup-

because we cause the Z differentiation to land on the ®,.. Successive applications
of X, to (8.5.2), together with (8.4), yield the result. [J

LEMMA 8.6. Let f € BC N C*™. Let X,, X, be as in8.5. Let 0 < a < 0. Then

6% (@20 * Nllsya < 1S xpa + ) 1Xry -+ o Xy Fll s acryve -
X={Xp,..., x,)

L4
(some X, €g,)
X;Eq

PRrROOF. First assume that k <a <k + 1 € Z. For every 0 <e < 1, use 2.9 to
write f = f° + f! where

Sgpllfo(g exp Xy )llcx < Cllfllx,a 75

Sl;pllf'(g exp X, ) crer < C|l fllxpe - €574

Then apply 8.5 to f°, f! and choose ¢ adroitly (as usual).
Now if 0 < a € Z, use 2.10 to write, for every 0 <e < 1, f = f° + f! with

1 xsa-1/3 < C el f iy N1 Mxpariss < € €1 fllxya
Applying the result from the first part of the proof to f° f!, choosing & ap-
propriately. [J

LemMA 8.7. Let fE BC N C™. For 1 < j EZ, let f; be as in the discussion
preceding 8.4. Let f° = f — f,,, f' = fy. Let

2
D=2 Iflxa+ > X7 - -+ s Xy Sl xpatry vy
Jj=1 K={X,.--» X, }

L4
(some X, Eg,)

X, Egqg
Then
1/ a1y < C- D =273 || fll g, 0m1ys < C- D - 27V,

1 N xpmr1ys SC- D 2% | flix,asrys < C- D - 2V3,
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PROOF. We may assume ) = 1. Write

N
fl=2 ‘I’,'X'(P&‘,zq’z-" *f.

j=0
By 8.6 and 6.2,
llpn*@an * fllx,a < C.
So, by 2.8,
1% @3 @pn * fllx,an1y3 < C- 272
Thus

N
||fl||x,,a+1/3 <X C-YR<C-2M
j=0
Likewise, we can write

N
ff=2 Py Dyn + f.
j=0
Then, by 2.8 and 6.2,

147 ®yn * fllx,ar1ys < € 27 fllg,a < C- 272,

So a variant of 8.6 implies
I ®yn * fllxpariys < C: 272

Therefore

N
||fl||x,,a+|/3 < 2 C- 213 <C-2V3
Jj=0

Now f° is handled similarly: write
Lo=f— oo @y Sf

o0

= % : ("?jx'q?l'xz¢2-i *f - tpjl‘_’ll(pj{zl¢2-j4-l *'f.
j=N+

But
19%2®, * fllxya-1/3 < C- 277
by 2.8 whence, by a variant of 8.6,

1979 @2 * fllxyam1/s < C- 2772
As a result,
[o ]
1 N xparys < 2 C-2973<C-27N3
Jj=N+1
The estimate for || ||y, -5 is handled similarly. [0

Notice that 8.1 now follows from 8.7 by choosing N ~ 3 log 1/e. This completes
the discussion of the case a € Z.
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9. Results in other norms. It is worth noting that variants of the Lipschitz spaces
may be defined as follows. Fix 1 < p < . Let

NERY) = { £ € LPRY): sup LS+ ) = SOl rany/ 1Al

hERVN

1l = fllay < 0}, 0 <a <1

IAC+h) = fC =) = 2f(C)ll e
||

I (RY) = {f € LP(RY): sup

hERY

ey = Ul < o

KA
a/’

N
NL(RY) = {f € LP(RY): X

j=1

+ 1 @y = 1 fllog < 00}, a> 1

NEy

Here derivatives are interpreted in the weak sense. These spaces and their variants
are sometimes called Nikol'skii spaces. If H?(R") are the usual Sobolev spaces then
for any € > 0 it is known that 92, , C H? C 92. Nikol'skii spaces on domains
U C R" with, say, C' boundary are simply defined to be the restrictions of
functions in 92. So the above imbedding property persists. See [1] for details on
these matters.

Now the analogue of the Main Theorem persists for Nikol'skii spaces. Every step
in the proof is the same except that the Minkowski and generalized Minkowski
inequalities must be used in place of more elementary estimates used in §§2-8.

R. Goodman [9] has proved versions of some of the above results in the L2 norm
in a representation-theoretic context.

Ornstein [16] has shown that estimates of the type

IXYSll o < CUIX Sl + 1Y S )

do not hold.

Ludovich [3] and Mityagin and Semenov [15] have shown that estimates of the
type | XYfllwp < C{UIXllsup + 1| Y ¥llsup) do not hold. This is why the Main
Theorem is formulated in the form A, at the integer level.

An estimate of the type

IX¥fllz, < CLIX AN + 1Yl 12}

follows easily from the Plancherel Theorem. By deeper methods, such as the Riesz
transforms, a similar estimate holds in L?, 1 <p < oo.

We conclude this brief section by completing the proof that an f satisfying the
conclusions of the Main Theorem is in I',(G). Only the case a € Z remains to be
done. We use Lemma 8.1.

Fix 0 # Y € V,. Assume that f satisfies the hypotheses and conclusions of the
Main Theorem for a = 1. Let h € R, 0 < |h| < 1. Write

|A3f(g exp Y -)lo| < |85/°(g exp Y -)|o| + |83f'(g exp Y -)lol
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where f°, f! are as in 8.1 and ¢ is at our disposal. Then, using the Main Theorem,
the last line is not greater than

n
CelhP/(| fOll yaps + Ce'[W*I1f Ml vays < Cel AP/ + e“lhl“/’)( 21 Ilfllx,,l).
j‘
Setting ¢ = |h|'/3, yields that

(0.1) 1fllya < C( ) ufux,,l)-
p-

Since every h € G is of the form h =exp Yexp W, some Y € V;, W € q,, it
follows from 9.1 and the triangle inequality that f € T',.

The result for « =2,3,... now follows by an inductive argument which we
omit.

10. An application to interpolation theory. Folland has proved [7] that the spaces
{T4}oca<w form a real scale of interpolation spaces. His techniques can also be
used to prove that they form a complex scale of interpolation spaces. The methods
of this paper may be used to prove the same theorem. We will first show how a part
of this result follows immediately from the Main Theorem:

PRrOPOSITION 10.1 Let { Yy, Y,} be an interpolation pair. Let Y}, Y, 0 <6 < 1,
be the intermediate spaces computed by the real and complex methods, respectively
(see [4]). Let 0 < ag <a; < oo and let T: Yo N Y, —> T, (G) be a linear operator.
Suppose that

ITfllr, < Cllflly, alf€YonY, j=01

Then for 0 <8 < 1,f € Yy, N Y,, it holds that
I TAllr,, < C'Mfllvas N TSe,, < CllAll e

Here o = (1 — 0)ay + Oa,.
ProoF. Fix g € G and X; a basis vector for V|, 1 < i < n. Consider the operator
T, f> (Tf)(g exp X;*).

Then T, is bounded in norm from Y; to A oR),J = 0, 1. By classical mterpolatlon
theorems (see [4]) for {A,}ocaco it holds that T,, is bounded from Y or Y} to
A, (R). Since this result holds uniformly over g € G 1 <i < n, it follows from the
Mam Theorem that T is bounded in norm from Yt or Y to | R

In fact, by the methods of §8, we may allow the domain of T to consist of T,
spaces. More precisely, let I‘aj, Y; be as in the proposition. Suppose that T: I', —
Y, U Y, is a linear operator satisfying

ITfly, < Clfllr,, J=01LfET,.

Let o4 be as in the Proposition and let f € T,. Assume for simplicity that V) is two
dimensional: ¥, = span{X, X,}. By the same method as in the proof of 8.1, there
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isa C > 0so that for every 1 > ¢ > 0 there is a decomposition f = f° + f! with
||f0||,\;.",o <C-e’K(f), Jj=12%
”fl“X,-,.., <C-e7V-K(f), =12

As in 8.1,

2
K(f) = 21 ISl x0 + o 2 X5, - Xy Sl x vy
j=

(some X, €Eq;)
X/Eq

Then Tf = Tf° + Tf'. But
2
IZfy, < C- “fOHI‘,o < Cz} ||f0”"3~.«. <C-e%K(f) < C- 50||f||r,,.
j=

by the Main Theorem. Likewise,
17Ny, < C- eI fllr,, -
By the definition of real interpolation space,

1Tl ye < C'IflIr,, -
So T is a bounded linear operator from I'; to YRO0<O<I1.

11. An application to partial differential equations. We give here a special example
to show how the Main Theorem (more precisely its 912 variant) already contains
information about subelliptic estimates for certain partial differential operators.

Fork =1,2,... define ?, = 37_,X**. Let u € C?*(G) be real valued and let

f =%, u. Assume that the adjoint of X; is -X,, i = 1,...,n (this occurs, for

i

instance, on the Heisenberg group with the standard choice of basis for V).
Now, letting dx denote Lebesgue (= Haar) measure, we have

[@uaax = [ S (xPu)adx = (1S [ xku(Xfu) dx
by integration by parts. Fix 1 < iy < n. Then

le,-';ulz dx = (—l)kf(@ku)ﬁ dx — > f|X,."u|2 dx.
i#iy
Since the left side is positive and the second term on the right is negative, it follows
that

f|x,.';u|2 dx < f|@ku| |u| dx < f|f|24x +f|u|2dx

or || Xull 2 < || fll .2 + llull 2 1 <o < n. By the Nikol'skii space analogue of the
Main Theorem, it follows that

sup Xy, - - - lef(g exp X; ‘)“C:)l}‘(,),m < C(Ifll 2 + llull 22)-
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In particular, by the comparson of Nikol’skii and Sobolev spaces,
(1L.1) lull(mz,_) < Cllfllz + llull2), anye > 0.

A more complete theory of subelliptic estimates may be obtained by exploiting the
techniques of §§2-8. However this topic exceeds the scope of the present paper.

It should be noted that (11.1) still holds even if the X, are not selfadjoint. For
then the integration by parts gives rise to lower order terms which are easily
absorbed.

Operators of the type ¥ X2 have been studied in [11], [8], [6], [17].

12. An application to function theory. With G as usual, 0 < k € Z, let
FG)={yv: (O, D)->G||YP()| < 1,...,|y*() < 1,allt € (0, 1)}.
Here yY)(¢) denotes the jth derivative on (0, 1). For 1 <i < m, set
&(6) = {y € &(G): 1) €0,}.

PROPOSITION 12.1. Let 0 < a < o0 and a <k € Z. Then f €T (G) if and only if

there is a C > 0 so that for all y € ¥, 1 < i < m, one has that || f ° Yla,, 01 < C.

PRrOOF. In case || f ° ¥||5, 01y < C, all Yy € G, 1 <i < m, the hypotheses of the
Main Theorem are satisfied (since t > g exp X,z isin &, 1 </ < n)sof € T,.

Conversely, fix y € C. Suppose a« € Z. If f €T, then foy €A,/ by the
definition of I', and the Chain Rule. The result for « € Z now follows by
interpolation. []

This proposition is weaker than the Main Theorem. However, it provides a
natural and intrinsic characterization of the I',. Results of this kind were explored
in [8] in the case of the Heisenberg group.
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